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Abstract. A variety of universal similarity factorization equalities over real Clifford algebras H p , q 
are established. On the basis of these equalities, real, complex and quaternion matrix representations of 
elements in TZ Pt q can be explicitly determined. 
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1. INTRODUCTION 

The aim of this paper is to establish universal similarity factorization equalities between 
elements of real Clifford algebras 7Z P , q and matrices with elements in TZ, C and TC, where 1Z, C and 
Ti stand for real number field, complex number field and quaternion skew field, respectively. A 
direct motivation for considering this problem comes from the following basic universal similarity 
factorization equality for complex numbers: 



(1.1) 



1 i ' 




a + bi 




1 i ' 




a 


-b ' 


-i -1 




a — bi 




-i -1 




b 


a 



This equality clearly reveals three fundamental facts on the field of complex numbers 

a —b 



(a) C is algebraically isomorphic to the matrix algebra A 
through the bijective map <ft : a + bi — 



a, beTZ 



a 
b 



-b 
a 



(b) Every complex number p = a + bi has a faithful matrix representation <p{p) 
over the real number field 1Z. 



a 
b 



-b 

a 



(c) All real matrices of the form 
number field C. 



a 
b 



-b 
a 



can uniformly be diagonalized over the complex 



Following Eq.(l.l), a natural equation can directly be asked: Can we extend Eq.(l.l) to 
any real Clifford algebra TZ Piq ! The answer to this question is positive. In this paper, we shall 
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present a set of general methods for establishing such kinds of universal similarity factorization 
equalities over all real Clifford algebras lZ Piq . 

As is well known, the real Clifford algebra 7Z p , q is an associative algebra, with identity 1, 
defined on p + q = n generators e±, e2, • • • , e n subject to the multiplication laws 



+1 for i = 1, 2, • • • , p, 
— 1 fori=p+l, p + 2, 



p + q = n, 



(1.2) 



etej + ejei = for j, i, j = 1, 2, • • • , n. (1.3) 

and e\e2 ■ ■ ■ e n ^ ±1. In that case TZ Pt q is spanned as a 2 n -dimensional vector space with a basis 
{e^}, where the multiindex A ranges all naturally ordered subsets of the first positive integer set 
{1, 2, • • • , n}; the basis element e^, where A = (ii, 12, • • • , ik ) with 1 < i\ < 12 < • • • < ik < n, 
is defined as the product 

CA ^(11,12,— ,ife) = ^ii^*2 ' ' ' ^ife' 

In particular, = 1, when A = 0. For simplicity, a brief notation e[ n ] = eie2 • • • e ra will be 
adopted in the sequel. The square of eui is 



e [n] — I ^ e l e 2 e w 

Any element a G 7Z P ,q can be expressed as 

a = ^2aAeA, aA^TZ, 

A 

where A ranges all naturally ordered subsets of {1, 2, • • • , n}. We shall also adopt the following 
notation in the sequel 



n 
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i 6pj £l> ) £q | = 1 > £j = 1) * = 1) ' ' ' j Pi J = 1) 

TZpq — 7Z{e\, ■■■) dpi £i; * ■ ■ j 



or simply 
and use 



Ijmxn Tjmxni 



{ ei , , ep, £i , 

to stand for the collection of all m x n matrices over 7Z Piq . 

As to the algebraic structure of the Clifford algebra 1Z Pl q with p + q = n, it is well-known (see, 
e.g., H, ||], Q, (ll|) that 7^. Pi g satisfies the following algebraic isomorphisms 



7? ~ 



' TZ(2 n / 2 ) ifq-p = 0, 6 (mod 8), 

C(2( n ' 1 )/ 2 ) ifq-p=l, 5 (mod 8), 

ft( 2 ("-2)/2) if q _ p = 2 , 4 (mod 8), 

2 H ( 2 (n-3)/2) i f q _ p = 3 (mod 8), 

. 2 ^(2( n ~ 3 )/ 2 ) if q-p = 7 (mod 8), 



(1.4) 



where TZ(s), C(s), Tt(s) stand for the matrix algebras 1Z SXS , C sxs , 7i sxs , respectively, and 
2 lZ(s), 2 T~L(s) stand for the matrix algebras 



A O 
O B 



A, B£TZ S 



A O 
O B 



A, Ben 5 
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For some low values of p and q, Eq.(1.4) can be expressed as 

fti,o ~ 2 ft, ft ,i=C, 

,2x2 t, _ ^,2x2 



ft 3 , 





2x2 



ft 2 ,0 
£.2x2 



TV 

ft 2 . 



ft 40 ~ n zxz , n 3 



i 

4x4 



fti,i 

2^2x2 



ft Z 
ft 



1,2 



ft ,2 
^2x2 



ft ,3 



n 



2.2 



c 



4x4 



fti,3 - H 



2x2 



ft , 4 ^ n 



2x2 



(1.5) 

(1.6) 
(1.7) 
(1.8) 



In addition, according to the periodicity theorem on Clifford algebras( see, e.g., || and pJJ|), it 
is also well-known that 



ft 



T>+8,<? 



ft 



16x16 



ft 



TP 16x16 



(1.9) 



hold for all finite p and q. 

The isomorphisms listed above imply that there exists a one-to-one correspondence, preserv- 
ing algebraic operations, between elements of ft p ,g and matrices with elements in ft or C or Ti, 
what we shall do in the present paper is to explicitly establish universal similarity factorization 
equalities between elements of ft Pi9 and matrices with elements in ft, C, and Tt. 

A key tool used in the sequel is given below. 

Lemma 1.1. Let A be an algebra over an arbitrary field J 7 , and let M n (A) be the n x n total 
matrix algebra with elements in A, and with its basis {r^} satisfying the multiplication rules 



Tit 





3 = s, 
3 + s, 



for i, j, s, t = l, 2, 



n. 



(1.10) 



Then any a = Ynj=l a ij T ij ^ M n (A), where dij £ A, satisfies the following universal similarity 
factorization equality 



P- 



au ai2 

«21 0,22 
0"nl a n2 



where P has the following independent form 



P = P- 



Tn r 2 i 
Tl2 ^22 

Tin T 2ri 



T~nl 
Tn2 



a\r, 
0,2r, 



1.11 



(1.12) 



The correctness of this result can directly be verified by multiplying the left-hand side of 
Eq.(l.ll). The significance of this result is in that if an algebra M is known to be algebraically 
isomorphic to an n x n total matrix algebra over A, then there exists an independent invertible 
matrix P over M. such that P(aI n )P~ 1 G j^jixn ^q^s f or a \\ a £ fiA. The most part of the 
results in the paper are established through this basic identity. 
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2. UNIVERSAL SIMILARITY EQUALITIES OVER 72 Pi? WITH p + q < 8 



This section is divided into eight subsections. In the first four of which, we present the uni- 
versal similarity factorization equalities over TZ PtQ corresponding to p + q < 4 with proofs, and 
then list the universal similarity factorization equalities over H p , q corresponding to 5 < p+q < 8. 

2.1. The Cases 1Z PA with p + q = 1 

The two algebras 72 Pi(? corresponding to p + q = 1 are 72^0, the hyperbolic numbers, and 
72-0,1, the complex numbers, respectively. The two fundamental universal similarity factorization 
equalities over them are very simple but crucial for the subsequent results. 

Theorem 2.1.1. Let a = ao + a\e\ G 72-1,0 be given, where ao, a\ G 72, e\ = 1, and denote its 
conjugate a = ao — a\e\. Then a and a satisfy the following universal similarity factorization 
equality 



a 
a 



p -i 

^1,0 



a + ai 
ao — ai 



= 0i, o (a) € 2 72, 



(2.1.1) 



where P^o a^d T 3 ! q 1 ftave ^/te independent forms (no relation with a) 



A,0 = 



1 + ei 
1-ei 



1 + ei 



1,0 



1 + ei 1 — e\ 
-(1-ei) 1 + ei 



Proof. Let s = 1 + ei. Then s = 1 — e±, and both of them satisfy s 2 = 2s, s 2 
ss = ss = 0. Thus it follows that 



(2.1.2) 



2 s and 



1,0 



a 
a 



P 



1,0 



1 


s — s 




a 


" 




s s 


4 


s s 







a 




—s s 



sas-\-sas sas — sas 
~sas sa~s + sas 



as 2 + as 2 






as 2 + as 2 



as + as 
as + as 



where the two nonzero terms in it are 

as + as = (ao + aiei)(l + ei) + (a - aiei)(l - e\) = 2(a + a\), 

as + as = (ao + aiei)(l - ei) + (a - aiei)(l + ei) = 2(a - ai). 
Hence we have Eq.(2.1.1). □ 
It is easily seen that 

a = a, a + b = a + 6, a6 = a6, Aa = aA = Aa 



hold for all a, 6 6 72i j0 , A G 72. Thus by Eq.(2.1.1) it follows that 

(a) a = b <^ 0i,o(«) = 0i,o (&)■ 

(b) 0i,o(a + b) = 0i )O (a) + 0i,o(»), 4>i,o{ab) = 0i,o(a)(/>i,o(6), 

(c) 0i )O (l) = J 2 . 



!»i,o(Aa) = A0i )O (a). 
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(d) a = \[l + e 1 , l-ei]0i, o (a)[l+ei, l-ei] T . 

(e) det[0i i o(a)] = a% — a\ for all a = ao + a\e\ G 1Z\fi. 

(f) a is invertible <^=^ 4>i,o( a ) 1S invertible, in which case, 0i ) o(a _1 ) = 0^o( a )- 

(g) Pa(a) = 0, where p a (X) = det[A/ 2 - 0i,o(a)]. 
These properties imply that through the bijective map 

0i,o : a G TZifi — ► 0i,o(a) G 2 72, 

the Clifford algebra 72-1,0 is algebraically isomorphic to the matrix algebra 2 1Z, and 0i,o(a) is a 
matrix representation of a G 72-1,0 in 2 72. 

As to the algebra 72o,i = C, the following result is quite easy to verify . 

Theorem 2.1.2. Let a = a® + a\E\ G 72o,i = C, u>/iere ao, ai G 7?., e\ = —1, and denote 
a = ao — ai£i. T/ien a and a satisfy the following universal similarity factorization equality 



o.i 



a 
a 



P, 



-i 

0,1 



a -ai 
ai a 



= 0o,i (a) G TZ 



2x2 



(2.1.3) 



where Pq,i ftas ^ e independent form 



p o,i - P ,i - 



1 ei 
-ei -1 



(2.1.4) 



matrix algebra A 



oq, a\ G 72 



Through the bijective map 0o,i : a — > 0o,i(a)> algebra 72o,i is algebraically isomorphic to the 

ao -ai 
ai ao 

The two equalities in Eqs.(2.1.1) and (2.1.4) can be extended to all matrices over 72i ; o and 
72-0,1 as follows. 

Theorem 2.1.3. Let A = A + A x &\ G 72™ xn , w/iere Ao, A 1 G 72 mxn and ef = 1. T/ien A and 
its conjugate A = Aq — A\e\ satisfy the following universal factorization equality 



Q 



2m 



A q 

O A 



Q2n 



A + A 1 O 
O Ao-Ar 



= $ 1)0 (A) g z n 



2/ntnxn 



(2.1.5) 



where 



Q2m — ~ 



(l + ei)J m -(l-ei)/„ 
(l-ei)I m (l + ei)J m 



Q2n = 7T 



(l + ei)/ n (l-ei)/ n 
-(l-ei)/ n (l + ei)/ n 



In particular, when m = n, Eq. (2.1.5) becomes a universal similarity factorization equality over 



Theorem 2.1.4. £e£ A = A + Aiei G 7^f n = C mxn , w/iere A , Ai G 72 mxn , ef = -1. Then 
A and its conjugate A = Ao — A\E\ satisfy the following universal factorization equality 



2m 



A _0 

A 



*2n = 



Ao 
A 1 



-A 1 
Ao 



= $o,i(A) G 72 



2mx2n 



(2.1.6) 
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where 



K2t = KZ 1 = — 



1 

72 



It £\h 



m, n. 



In particular, when m = n, Eq. (2.1.6) becomes a universal similarity factorization equality over 



2.2. The Cases for TZ PA with p + q = 2 



The three algebraic isomorphisms for G Hp,q with p + q = 2 are shown in Eq.(1.6). Based 
on Lemma 1.1 and Theorem 2.1.1, we can establish universal similarity factorization equalities 
over them as follows. 



Theorem 2.2.1. Let a G 7^2,0 = 7£{ei, &2 \ e ± = 1, e| = 1}. Then a can factor as a = 
ao + a±ei + a2e2 + 03612, where ao — 03 G 7?., and a/2 satisfies the following universal similarity 
factorization equality 



2,0 



a 
a 



2,0 



a + ai a2 + 03 
02 - 03 ao - ai 



= 02,o(a) e 7e 



2x2 



(2.2.1) 



where P 2) o oas independent form 



P2.0 — P- 



2,0 



1 + ei e2 — ei2 
e2 + ei2 1 — ei 



(2.2.2) 



Proof. By Lemma 1.1, we take the change of basis of 7^-2,0 as follows 

Tn = -(l + ei), ri2 = ^(e 2 + ei 2 ), r 2 i = -(e 2 - ei 2 ), r 2 2 = -(l-ei). (2.2.3) 

Then it is not difficult to verify that this new basis satisfies the multiplication laws in Eq.(l.lO). 
In that case, every a = ao + a\e\ + a2e2 + 03612 G 7^-2,0 can be rewritten as 

a = (ao + ai)rn + (a 2 + a 3 )ri 2 + (a 2 - a 3 )r 2 i + (a - ai)r 2 2. (2.2.4) 

Substituting Eqs.(2.2.3) and (2.2.4) into Eqs.(l.ll) and (1.12), we directly obtain Eqs.(2.2.1) 
and (2.2.2). □ 

It is easily seen from Eq.(2.2.1) that for all a, b G 72.2,0) A G 72, the following operation 
properties hold 

(a) a = b <=> 02,o (a) = 4> 2 ,o (b). 

(b) </>2,o(a + b) = 4>2,o{a) + fo,o{b), 4>2,o(ab) = ^2,0(0)^2,0(0), </>2,o(Aa) = A0 2 , o (a). 

(c) 02,0(1) = / 2 . 

(d) a=i[l + ei, e 2 - ei 2 ]0 2 ,o(a)[l + ei, e 2 -ei 2 ] T . 

(e) det[0 2 ,o(a)] = «o — a i — a 2 + a 1-> f° r au a = a o + ai e i + 02^2 + a 3 ei 2 G 7£ 2 ,o- 

(f) a is invertible <^=> 02,o(°) is invertible, in which case, (j) 2 ,o( a ~ 1 ) = <^2~o( a )- 

(g) p a (a) = 0, where p a (x) = det[x/ 2 - 02,o(a)]. 
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(h) a is similar to b over 7^0,2, i-e., there is an invertible x G lZo,2 such that xax 1 = b if 
and only if 2) o(o) and 2 ,o(&) are similar over 1Z. 



)2x2 



These properties show that through the bijective map 2 ,o : a £ ^2,0 — ► 02, (°0 £ 7£ 
the Clifford algebra 7£ 2 ,o is algebraically isomorphic to the matrix algebra 1Z 2x2 , and 2 ,o(a) is 
the matrix representation of a in 1Z 2x2 . 



Theorem 2.2.2. Let a G Tli i = 7£{ei, £1 \ e 2 = 1, = —1}, i/ie spZzi quaternion algebra. 
Then a can factor as a = ao + a\e\ + a 2 £i + a$e\£\, where ao — 03 G 7?., and 0/2 satisfies the 
following universal similarity factorization equality 



Pi, 



a 
a 



p-i 



ao + a\ —{02 + 03} 
02 - a 3 a - ai 



= 0i,i (a) G ft 



2x2 



where P^i /ias i/ie independent form 



p i,i - P i,i - 9 



1 + ei ei - ei£i 
-(ei + eiei) 1-ei 



(2.2.5) 



(2.2.6) 



Proof. By Lemma 1.1, we take the change of basis of 72-i,i as follows 

ni = ^(l + ei), ri2 = -^(ei + ei£i), r 2 i = ^(ei - ei£i), r 22 = ^(l-ei). (2.2.7) 

Then it is not difficult to verify that this new basis satisfies the multiplication laws in (1.10). In 
that case, every a = oq + aiei + a 2 £i + a 3 ei£i, G T^i 1 can be rewritten as 



a = (a + ai)m - (a 2 + 03)^12 + (02 - a 3 )r 2 i + (ao - ai)r 22 . 



(2.2.8) 



Substituting Eqs. (2.2.7) and (2.2.8) into Eqs.(l.ll) and (1.12), we directly obtain Eqs. (2.2.5) 
and (2.2.6). □ 

Similarly it is easy to verify that through the bijective map 4>i,i '■ a £ 1 — ► 0i,i( a ) G 
lZ 2x2 , the Clifford algebra 7£i,i is algebraically isomorphic to the matrix algebra 1Z 2x2 , and 
</>i,i (a) is the matrix representation of a in lZ 2x2 . 



As to the Clifford algebra 7^o,2 = the ordinary quaternion division algebra, we have the 
following two results. 

Theorem 2.2.3. Let a = ao + ai£i + a 2 £ 2 + a3£i 2 G H = 1Z{ei, £ 2 | e\ = — 1, £2 = — 1}, where 
«o — «3 £ T/ien a/ 2 satisfies the following universal similarity factorization equality 



D,2 



a 
a 



p-i 

M),2 



a + ai£i -(a 2 + a 3 £i^ 
02 - 03^1 «o - ai^i 



= 0o,2(a) G C 



2x2 



where Pq,2 independent form 



Pq,2 — Pno — 



-1 



0,2 



V2 



1 -ei 

-£2 £12 



(2.2.9) 



(2.2.10) 
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Proof. Note that a — E\0£\ = 2(ao + a\S\) and a + £\d£\ = 2(a 2 £ 2 + «3£i2)- We find 



0,2 



a 
a 



0,2 



which is exactly the desired result. 



1 a — E\a£\ a£ 2 + E\a£l2 

2 -E2CI + E12CIEI -(E2CLE2 + Ei2a,Ei2) 

1 a — E\a£\ (a + £\a£i)£2 

2 — £2{a + £\a£i) —£2{a — £\a£i)£2 

a + a\£\ (a 2 £2 + a3£i2)£2 

-£2(02^2 + a3£i2) -£2(00 + ai£i)£ 2 

a + ai£i -(a 2 + a 3 £i) 
a-2 — a3£i Go — ai£i 



□ 



Theorem 2.2.4. Let a = ao + + «2£2 + fl3£i2 G where ao — 03 G 7?.. T/ien a/4 satisfies 
the following universal similarity factorization equality 



Qo,: 



Qo,: 



a -ai -a 2 -a 3 



ai 

02 
«3 



a 
03 
-a 2 



-a 3 
a 
ai 



02 

-ai 
a 



= ^0,2(0) e 7£ 



4x4 



where Qo,2 ^os independent form 



Qo,2 - Q ,2 - 2 



1 


£1 


£2 


£12 


-£l 


1 


£12 


-£2 


-£2 


-£12 


1 


£l 


—£12 


£2 


-£l 


1 



Proof. It is easy to verify that 



1 


' 1 


1 " 




x 






1 


1 " 




2 


1 


-1 






X 




1 


-1 





x + xi 
xq — x\ 



holds for any xo, x\ € K. On the basis of (2.2.13), we further obtain 

di 



X Xi x 2 x 3 

Xl x x 3 x 2 

X 2 X 3 X Xl 

X 3 X 2 Xl x 



V 



do 



C?4 



v, 



where xo, xi, x 2 , x 3 G 7i, and 

di = x + xi + x 2 + x 3 , d 2 = x + xi - x 2 - x 3 , 
d 3 = x - xi + x 2 - x 3 , d 4 = x - xi - x 2 + x 3 , 



(2.2.11) 



(2.2.12) 



(2.2.13) 



(2.2.14) 
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V = V 



T 



v- 1 



1111 
1 1-1-1 
1-1 1-1 
1-1-1 1 



Replacing xo — x 3 in Eq.(2.2.14) now by ao, a\E\, 0262 and 03612, respectively, we obtain 

di 



A = 



a 


ai£i 


02^2 


03^12 


a\£i 


a 




02^2 


0-2^2 


03^12 


a 


ai£i 


03^12 


d2£2 


aiei 


a 



V 



do 



d 3 



C?4 



V, 



(2.2.15) 



where 

di = a + oiei + a 2 £2 + 03^12 = a, d 2 = a + ai£i - a 2 £2 - 03^12, 
d 3 = a — a\E\ + a 2 £2 - 03^12, di = a — a\E\ - a 2 £2 + 03^12- 
It is easy to verify that d<i = E\ae{ X , d 3 = £2a£ 2 ~ 1 and d<± = e^ae^ ■ Thus 

diag(di, d 2 , 03, 04 ) = Jdiag( a, a, a, a)J~ 1 , (2.2.16) 

where J = diag( 1, e±, £2, £12 )• On the other hand, it is easy to verify that 



7—1 a j _ "l c l °1 "U c l c l "3 C 1 c 12^2 "2^1 ^2^12 "1 "0 — "3 "2 _ , / x 

J AJ ~ „ ,--1,- „ ,--1,- ,- „ --i,- „ ~~ „ „ „ „ ~~ W' 



ai£ ] ^ 1 £i 

02^2 £ 2 


ai£i£i 
ao£i £i 
03^2 l£ l2£l 


02£2£2 
03^1 1 ^12£2 
Oo£ 2 *£ 2 


a3£i2£i2 
a2£i £2£l2 
Oi£ 2 1 £l£l2 
Oo£i 2 1 £l2 




a 


-ai 


— 02 


-a 3 




a\ 


ao 


-a 3 


02 




«2 


a3 


a 


-ai 


a 3£l2 l£ 12 


Q-2^12 £ 2^1 


Oi£ 12 £l£2 




. a 3 


-a 2 


ai 


a 



Putting Eqs.(2.2.15) and (2.2.16) in it yields 

cp(a) = J- l AJ = J- l VAmg{dx, d 2 , d 3 , d 4 )VJ = (J- 1 VJ)di&g(a, a, a, a)(J~ 1 VJ). 
Let P = J- l VJ. Then we have Eqs.(2.2.11) and (2.2.12). □ 

Just as the results in Theorems 2.1.3 and 2.1.4, the universal similarity factorization equal- 
ities in Theorems 2.2.1 — 2.2.4 can also be extend to all matrices over 72.2,0, T^i,i an d 72-0,2, 
respectively. We leave them to the reader. 

2.3. The Cases for H p , q with p + q = 3 

According to the multiplication laws in Eqs.(1.2) and (1.3) we know that for all algebras 
lZ Pt q with p + q = n odd, the commutative rule 



aeie2 ■ ■ ■ e r . 



eie 2 • • • e n a 



holds for all a G H p , q - Based on this simple fact, we can write all elements of 1Z PA with p + q = 3 
in the form 

a = ao + ctiepi, (2.3.1) 

where ao, ai G 1Z{e\, e2}, or ao, ai G lZ{e±, e 3 }, or ao, ai G 72{e2, 63}. From (2.3.1) we can 
introduce the conjugate of a as follows 



a = a - aiei23- 



(2.3.2) 
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Then it is easy to verify that for all a, b G 7Z p , q and A G 1Z, 

a = a, a + b = a + b, ab = ab, Xa = aX = Xa. 

In this subsection we combine Eqs. (2.3.1) and (2.3.2) with the results in Subsection 2.2 to es- 
tablish four universal similarity factorization equalities over 1Z Pt q with p + q = 3. 

Theorem 2.3.1. Let a G = 1Z{ e\, e2, e 3 }, and write a as a = ao + aiep], where 



a , a\ G 7^2,0 =K{ei, e 2 }, 



'[3] 



T/ien 0/2 satisfies the following universal similarity factorization equality 



3,0 



a 
a 



-P 3 ,o = 02,0 (ao) +02,0 (ai)e [3 ] = 03,o(a) G C 2x2 , 



(2.3.3) 



where 4>2,o{at)(t = 0, 1) is the matrix representation of at in lZ 2x2 defined in Eq.(2.2.1) and P^^ 
has the independent form 



p 3,o - P 3 ,o - P 2,o - 



1 



1 + ei e2 — ei2 
e2 + ei2 1 — ei 



(2.3.4) 



Proof. Writing a/2 as a/2 = ao^2 + aiepj/2 and multiplying ^2,0 and ^2 o 1 011 ^ s both sides, we 
obtain 

^2,0(0/2)^70 = ^2,o(ao/2)/ , 2 :o 1 + J P2,o(aie[3 ] /2)/ , 2:o 1 

= P2,o(a I 2 )P2fi + P2,o( a ^) P 2~O e [3] 

= 02,o(ao) + 02,o(ai)e[ 3 ] = 03,o(a). 
Note that 2 , o (a t ) G 7e 2x2 and ef 3] = -1. Thus (2.3.3) follows. □ 

Obviously, through the bijective map 3j o : a G Tv^o — ► 03,o(a) £ C 2x2 , the Clifford algebra 
TZsfi is algebraically isomorphic to the matrix algebra C 2x2 , and 03,o(a) is the matrix represen- 
tation of a in C 2x2 . 



Theorem 2.3.2. Let a G 7^2,1 = 7£{ei, e2, £\ }, and wiie a as a = ao + a\e, where 

a , ai G 7^1,1 = 7^{ei, £1 }, e = eie 2 £i, e 2 = 1. 

Taen i/ie diagonal matrix D a = diag(a/2, a/2) satisfies the following universal similarity fac- 
torization equality 



0i,i(ao) + 0i,i (ai) O 

O 0i,i (ao) - 0i,i (ai) 



= 02,i(a) G 2 7e 2x2 , (2.3.5) 



where 0i,i(at)(t = 0, 1) is the matrix representation of a t in TZ defined in Eq. (2.2.5), and 



P2A = 



(l + e)Pi,i -(l-e)P M 
(l-e)Pii (l + e)P l5 i 



p -i 

r 2,l 



^(l + e) P^a-e) 
-ATi(l-e) ATi(l + e) 



(2.3.6) 
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Pi,i and P 1 ± are given by Eq. (2.2.6). 



Proof. Writing ah as ah = aoh + a\eh and multiplying Pi,i and P 11 1 in Eq.(2.2.6) on its 
both sides, we get 

Pi,i(aI 2 )P£ = Pi,i(a / 2 )P 1 : 1 1 + Pi ) i(aie7 2 )P 1 7 1 1 

= Pi,i(a /2)Pi7i + Pi,i(ai/ 2 )P 1 ; 1 1 e = 0i,i(a o ) + 0i,i(ai)e = </>(a), 

where 0i,i(at) G TZ 2x2 (t = 0, 1). Here we denote V'(a) = 0i,i(ao) — 0i,i(ai)e. Then ^(a) = ^(a). 
Note that e 2 = 1. Thus by Theorem 2.2.1, we can build a matrix and its inverse as follows 



V 



(l + e)I 2 -(l-e)J 2 
(1 - e)h (1 + e)/ 2 



(1 + e)I 2 (1 - e)I 2 
-(l-e)h (l + e)/ 2 



Now applying them to diag(V ; (o), VK a ) ) we obtain 



V 



tp(a) O 
O 4>{a) 



V 



0i,i(ao) + 0i,i( a i)e O 

O 01,1 («o) + </>i,i («i)e 

0i,i («o) + 0i,i(ai) O 

O 01,l(«o) - 01,l(«l) 



Finally substituting ip(a) = P\^(ah)P 1 1 and ip(a) = Pi i i(a/ 2 )P 1 * into the left-hand side of 
the above equality yields Eq. (2.3.5). □ 

Theorem 2.3.3. Let a G 7£i, 2 = TZ{ei, £i, £ 2 }, md write a as a = a$ + a±e, where 

a , a 1 eK 1> i=K{ei, ei}, e = ei£i£ 2 , e 2 = -1. 
Then ah satisfies the following universal similarity factorization equality 



P 



1,2 



a 
a 



Pi, 2 = 0i,i(oo) + 0i,i(ai)e = 0i,2 (a) G C 



2 X 2 



(2.3.7) 



where 0i,i(at)(i = 0, 1) zs i/te matrix representation of at in 7Z 2x2 defined in Eq.(2.2.5), and 



P l,2 - P l,2 ~ P l,l - 



1 + ei e\ — e\£\ 
-(ei + ei£i) 1-ei 



(2.3.8) 



Proof. Writing a/ 2 = ao-^2 + aie/ 2 and multiplying Pi,i and P x * on its both sides, we get 

Pi,i(ah) p i,t = Pi,i(a I 2 )P^ + Pi,i( ai I 2 )P^ 

= Pi,i(a h) p r,i + p i,i(aih) p ije = 0i,i(a o ) + 0i,i(ai)e. 

Note that 0i,i(a t ) G ^ 2x2 and e 2 = -1. Thus Eq.(2.3.7) follows. □ 

Theorem 2.3.4. Let a G 7£o,3 = 7^{£i, £ 2 , £3 }, and write a as a = ao + ai£[3], where 



a , ai G 7^ , 2 = ^{ £1, £ 2 } = 



; [3] 



1. 
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Then a and a = clq — ai£[ 3 ] satisfy the following universal similarity factorization equality 



0,3 



a 
a 



P 



0,3 



a + ai 
ao — ai 



where 



Po,3 ~ 77 



1 + e 
1-e 



-(i-q 3] ; 

1 + e [3] 



1 



0,3 



= 0o,3(a) G 2 W, 



1 + £[3] 1 - £[3] 
-(!-£[3]) ! + £[3] 



(2.3.9) 



(2.3.10) 



The derivation of Eq.(2.3.5) is much analogous to that of Eq.(2.1.1). So we omit it here. 

2.4. The Cases for TZ P:q with p + q = 4 

The five algebraic isomorphisms for 6 with p + q = 4 are shown in Eq.(1.7). Without 
much effort we can extend the results in Subsection 2.2 to these five algebras. 

Theorem 2.4.1. Let a £ 72-4,0 = !Z{e\, e2, e 3 , e4}. T/ien a can factor as 

a = a + aiei23 + a2ei24 + 03634, 

where 



'123 



a , 01, a 2 , a 3 G 7^2,0 = ^-{ei, e 2 }, 
1 2 -1 

•A) e 124 — e 34 — — ei236l24 — ei24ei23- 



In that case a/2 satisfies the following universal similarity factorization equality 
where 



a 
a 



P^o = ^2,0(00) + ^2,o(ai)ei23 + 02,o(a2)ei24 + ^2,0(03)634 = ^4,0 (a), (2-4.1) 

Ma) e 72 2x2 { ei 23 , e 124 } = H 2x2 , (2.4.2) 

4>2,o(0't)(t = — 3) is the matrix representation of at in lZ 2x2 defined in Eq. (2.2.1), and P^o = 
P^q 1 = P 2 ,o ; the matrix in Eg. (2.2.2). 

Proof. Note that the commutative rules he [3] = e^b, be\24 = eu4b and beu = e^b hold for all 
b £ 72-2,0 = 72 { ei, e2 }• Thus we immediately obtain 

p 2 ,o(o/2)p 2 ;o 1 

= P2,o(ao/2) J P 2 To 1 + ^2,o(ai/2)P27o e [3] + J P2,o(a2/2)P 2 7o 1 ei24 + P2,o(a3/2)P 2 7oe34 
= 02,o(ao) + 02,o(ai)ei23 + 02,o(a2)ei24 + 02,o(a3)e34, 

which is exactly the result in Eq. (2.4.1). □ 

Theorem 2.4.2. Let a € T^i = 72{ ei, e 2 , e 3 , ei }. T/ien a can factor as 

a = a + ai(ei 2 £i) + a 2 e[ 3] + a 3 (e 3 £i), 
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where 

do, ai, a 2 , a 3 eU2,o = U{e 1 , e 2 }, 
(ei2£i) 2 = 1, e|j = -1, e 3 ei = (ei 2 £i)e [3 ] = -e [3] {e 12 £i). 
In that case al^ satisfies the following universal similarity factorization equality 



P 3tl (ah)P*l 



02,o(ao) + ^2,0 (ai) -[ ^2,0(02) + ^2,0(03) 

02,o(fl2) - 02,0(03) 02,oOo) ~ 02,0 fal) 



3 ,i(a)e^ 4x4 , (2.4.3) 



where 02,o = — 3) is i/ie matrix representation of a t in 7Z defined in Eq.(2.2.1) and 



3,1 



3-1 

3,1 



(1 + e 12 e{)P 2fi (e[ 3 ] - e 3 e 2 )^2,o 
-(ep] - e 3 £i)-P2,o (1 + e 12 e 1 )P 2 ,o 



(2.4.4) 



where P 2 ,o ^ ffwen in Eq. (2.2.2). 



Proof. Note that the following commutative laws 6er 3 i = er 3 i6, 6ei24 = ei 2 4& and 6e 3 4 = 6346 
hold for all b £ TZ 2fi = U{e 1 , e 2 }. Thus it follows from (2.2.1) that 

P2,o(a/2)P 2 ; 1 

= P2,o(ao^2)-P 2 To 1 + ^2,o(ai/2)P 2 To 1 ( e i2£i) + P2,o{a 2 I 2 )P^e [3] + P2,o(a 3 /2)P 2 To 1 ( e 3£i) 
= 02,o(ao) + 02,o(oi)(ei2£i) + 02,o(a2)e[ 3 ] + 02,o(a3)(e3£i) 
= t(j(a) G^ 2x2 {ei 2 £i, e [3] }. 

Next building a matrix and its inverse from the basis 1, e± 2 £i, ep] and e 3 £i as follows 

1 



V = V 



(1 + ei 2 £i)/2 (ep] - e 3 £i)/ 2 
_ ( e [3] + e 3 £i)/2 (1 - ei 2 £\)I 2 



and applying them to the matrix ijj(a) given above, we obtain 



V 



i){a) O 
O ip(a) 



V 



02,o(ao) + 02,0 (Ol) -[ 02,O(O2) + 02,0(^3) ] 
02,O(O2) - 02,0(03) 02,o(ao) ~ 02,0 (oi) 



= 03,1 («)■ 



Finally substituting ip(a) = P 2 fl(aI 2 )P 2 Q into the left-hand side of the above equality yields 
Eqs. (2.4.3) and (2.4.4). □ ' 

Similarly we have the following. 

Theorem 2.4.3. Let a G 7£ 2 ,2 = e 2 , £1, £2}, the split Clifford algebra. Then a can 

factor as 

a = a + ai(ei 2 £i) + a 2 (ei£i 2 ) + a 3 (e 2 e 2 ), 



where 



a , ai, a 2 , a 3 G 7^i,i = Tl{ ei, £1 }, 
(ei2£i) 2 = 1, (ei£i2) 2 = -1, e 2 e 2 = (ei2£i)(ei£i2) = -(ei£i2)(ei2£i)- 
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In that case a/4 satisfies the following universal similarity factorization equality 



P2,2{ah)P£ 



01,1 fao) + 01,l( a l) ~[ 01,l( a 2) + 01,l(a 3 ) 

0i,i(a2) - 01,1(03) 01, 1(00) - 0i,i (ai) 



= 02.2(a) G 72 4x4 , (2.4.5) 



where 0i,i(at)(t = — 3) is t/ie matrix representation of at in 72 2x2 given in (2.2.1) and 

__i 1 



2,2 



2,2 



(1 + ei 2 £i)Pi,i (ei£i2 - e 2 e 2 )Pi,i 
-(ei£i2 - e 2 £2)Pi,i (1 + ei 2 £i)Pi,i 



(2.4.6) 



where Pi ; i is given in Eq. (2.2.6). 

Theorem 2.4.4. Lei a G 72i )3 = 72{ei, £±, e 2 , £3}. T/ien a can factor as 

a = a + oi£[ 3 ] + a 2 ei(£i 2 ) + a 3 (ei£ 3 ), 



where 



a , ai, a 2 , a 3 G 72 ,2 = 72{ £1 , £2} = ^, 



; [3] 



1, 



(ei£i 2 J 



-1, 



ei£ 3 = £[3](ei£i2j 



-(ei£i 2 )£[ 3 ]. 

In i/iaf case a/ 2 satisfies the following universal similarity factorization equality 



P^{ai 2 )Prl 



a + ai -(a 2 + a 3 ) 
a 2 - a 3 o - ai 



ii )3 (a) G H 2x2 , 



where 



1,3 



1,3 



l+£ 



[3] 



ei£i2 - ei£ 3 



-(ei£i2 - ei£ 3 ) !- £ [3] 



(2.4.7) 



(2.4.8) 



Proof. Note that the following commutative laws fcp] = £r 3 ]6, 6(ei£i 2 ) = (ei£i 2 )6, 6(ei£ 3 ) = 
(ei£ 3 )6 hold for all b G 7l.o,2 = 72 { £1, £2 }. Thus by Theorem 2.2.2 we can build the matrix Pi j3 
in Eq. (2.4.8) such that al 2 satisfies Eq. (2.4.7). □ 

Theorem 2.4.5. Let a G 72-0,4 = 72{£i, £ 2 , £ 3 , £4}. Then a can factor as 

a = ao + ai£i23 + «2£i24 + 03^43, 

where 



ao, oq, a 2 , a 3 G 72 ,2 = 72{ £1 , £ 2 } = H, 



-123 



1, 



'124 



1, 



£43 — £123^124 



"£l24£l23- 



In that case al 2 satisfies the following universal similarity factorization equality 



PoA(ah)Pol 



a + ai a 2 + a 3 
a 2 - a 3 a - oq 



= 0o,4 (a) G 7Y 



2x2 



where 



-1 



-Po,4 - P ,4 



1 + £123 £124 — £43 
£124 — £34 1 — £123 



(2.4.9) 



(2.4.10) 
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Proof. Follows from the fact be\23 = £i23&, fci24 = ei£i24&, be^ = £436 for all b £ 7£o,2 = 
K{e!, £2} and Theorem 2.2.1. □ 



2.5. The Cases for 7Z Piq with p + q = 5 

Just as for 1Z Pt q with p + g = 3, we can write all elements of TZ p , q with p + g = 5 in the 
following form 

a = flg + flx e [5] = a ~l" C[5]^l) 

where ao, ai are the elements of the Clifford algebras defined on any four generators of e±, e%, • • • , e$. 
Besides we can also introduce the conjugate of a as follows 



a = a - aie[ 5 j. 

Then it is easy to verify that for all a, b 6 lZ P:q and X £lZ, 

a = a, a + b = + b, ab = ab, Xa = aX = Xa. 

According to the table in Eq.(1.4), we know that the six Clifford algebras TZ p>q with p + q = 5 
satisfy the following algebraic isomorphisms 



7^5,0 

n 2i 



~ 2 W 2x2 , 



iAxA 



n 4 . 



n 



1,4 



1 ^ c 4x4 , 

2-T/2X2 



^3,2 
WO,! 



i4x4 



(2.5.1) 
(2.5.2) 



Based on the results in previous subsection we can establish six universal similarity factorization 
equalities between elements of TZ p , q with p + q = 5 and matrices of the six matrix algebras in 
Eqs.(2.5.1) and (2.5.2). 

Theorem 2.5.1. Let a £ TZ^fl = TZ{e±, • • • , es}, and write a as a = ao + aie[5], where 

a , ai G 7^4,0 = ^{ei, e 2 , e 3 , e 4 }, e^ 5] = 1. 

T/ien i/ie diagonal matrix D a = diag(a/2, a/2) satisfies the following universal similarity fac- 
torization equality 



04,o(ao) + 04,o (ai) O 

O 04,o (ao) - 04,o (ai) 



5.0(a) G 2 W 2x2 , (2.5.3) 



where 04,o(ot)(t = 0, 1) is i/ie matrix representation of a t in H defined in (2.4.1) and 



^5,0 — 



5,0 



(l + e [5 ])P 4 ,o -(1 - e [5] )P 4 ,o 
(l-e [5 ])P4,o (l + e[ 5 ])P 4) o 

P 4 7o 1 (l + e [5] ) P 4 To(l-e[5]) 
-P^(l-e [5] ) P$(l + e [5] ) 



(2.5.4) 
(2.5.5) 



P 4j o is given in Theorem 2.4-1- 
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Proof. Note that be^ = e^b holds for all b G IZ^o- By applying (2.4.1) to a/ 2 = ao-^2 + ai£[5]l2, 
we get 

P±,o{a>h)Pifl = ^(ao^)^ + ^4,o(ai^2)-P47o le [5] = 04,o(ao) + <p4,o( a l) e [5] = ^( a )> 

and 

^4,o(a/2)-P47o = 04,o(ao) - </>4,o(oi)e[5] = ip(a). 
By Theorem 2.1.1, we construct a matrix and its inverse as follows 

1 



(l + e [5] )J 2 -(l-e [5] )/ 2 
(l-e [5] )J 2 (l + e [5] )/ 2 



, v- 



(l + e [5] )/ 2 (l-e [5] )/ 2 
-(l-e [5 ])i"2 -(l + e [5] )7 2 



Now applying them to diag(V>( a )> V'( a ) ) we obtain 



V 



4>(a) O 
O V(a) 



v- l = 



Ho(«o) + 04,0 («i) O 

O 04,o(ao) - </>4,o (ai) 



Finally substituting ip(a) = P4,o(o-/ 2 )P 4 q 1 and ip(a) = i-^o (a/ 2 )P 4 X into the left-hand side of 
the above equality produces Eq. (2.5.3). □ 

Theorem 2.5.2. Let a G TZ^i = lZ{ei, e 2 , e 3 , e±, £1}, and write a as a = a® + ai(e[4]£i), 
where 

a , ai G 7^3,1 = Tl{ei, e 2 , e 3 , £1 }, (e[ 4 ]£i) 2 = -1. 
T/ien a/4 satisfies the following universal similarity factorization equality 



-P 4 ,i (a^OPi,! = 03,1 (ao) +03,i(ai)(e[ 4 ]£i) = 04,i(a) G C 



4x4 



(2.5.6) 



where 03,i(at)(i = 0, 1) is i/te matrix representation of at in lZ 4x4 given in (2.4.3) and = 
P3 5 i, the matrix given in (2.4.4). 

Proof. Follows directly from Eq. (2.4.3). □ 

For economizing space, we omit the proofs of all the following several results. 

Theorem 2.5.3. Let a G 7£ 3i2 = lZ{e±, e 2 , e 3 , e±, e 2 }, and write a as a = ao + ai(e[ 3 ]£[ 2 ]), 
where 

ao, a± G 7£ 2;2 = 1Z{ e±, e 2 , £1, £ 2 }, (e[ 3 ]£[ 2 ]) 2 = 1. (2.5.7) 

Then the diagonal matrix D a = diag(a/ 2 , a/ 2 ) satisfies the following universal similarity fac- 
torization equality 



02,2(ao) + 02,2 (ai) O 

O 02,2(ao) - 02,2 (ai) 



= 03.2(a) G 2 ^ 4x4 , (2.5. 



where 2i2 (at) (i = 0, 1) is i/ie matrix representation of a t in 7Z Ax4 defined in (2.4.5) and 



Ps,2 — 



(1 + e [3 ]£[ 2 ])P2,2 -(1 - e [3] £[ 2] )P 2)2 
(! - e [3 ]£[ 2 ])P 2 ,2 (1 + e [3] £ [2] )P 2i2 



(2.5.9) 
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P" 1 - - 



3,2 2 

P 2 ,2 and P 2 ~\ are given in Eq. (2.4.6). 



P 2,l0- + e m £ {2]) P2M 1 ~ e [3] £ [2]) 

- P 2~2 l i l - e l3} e [2]) P 2~2( l + e [3]£[2]) 



(2.5.10) 



Theorem 2.5.4. Let a G 7^-2,3 = 7£{ei, e2, £1, £2, £3}, wiie a as a = ao + ai(e[2]£[3]), 
where 

a®, ai e1Z 2 ,2 = K{ei, e 2 , e\, £2}, (e[ 2 ]£[ 3 ]) 2 = -1. 
XTien a/4 satisfies the following universal similarity equality 

P 2 ,z{ah)P2,l = 02, 2 (a o ) + 02, 2 (ai)e [2] £ [3] ee 2)3 (a) G C 4x4 , (2.5.11) 

where 02,2(a*)(i = 0, 1) is i/ie matrix representation of a t in 1Z 4x4 defined in £9. (2.4.5) and 
P2,3 = ^2,2, the matrix given in Pg.(2.4.6). 

Theorem 2.5.5. Let a G TZ\^ = Tl{e\, £\, £2, £3, £4}, and write a as a = ao + ai(ei£[ 4 ]), 
where 

a , ai G 7^1,3 = ^{ei, e\, e 2 , £ 3 }, (ei£ [4 ]) 2 = 1. 

T/ien i/ie diagonal matrix D a = diag(a/2, al-z) satisfies the following universal similarity fac- 
torization equality 



01,3 (ao) + 0i,3 (ai) C* 

O 01,3 (ao) - 0i,3(ai) 



= 0i, 4 (a) G ^ xi , (2.5.12) 



where 0i,3(at)(i = 0, 1) is the matrix representation of a t in 7i 2x2 defined in Eq.(2A.7) and 

1 



P 



1,4 



(1 + ei£[ 4 ])Pi i3 -(1 - ei£[ 4 ])Pi >3 
(1 - ei£ [4] )Pi i3 (1 + ei£ [4] )Pi )3 



Pi73(l + eie[4]) ATsC 1 - ei£[4]) 
-^(i-ei^]) P^(l + e 1 e [4] ) 



(2.5.13) 
(2.5.14) 



n,4 2 

Pi 5 3 and P{~g are given in Eq. (2.4.8). 

Theorem 2.5.6. Let a G 7£o,5 = TZ{si, • • • , £5}. T/ien a can factor as a = ao + ai£[5], where 

ao, ai G 7^-2,2 = ^-{£1234, £i235> £ij £2}, £j|] = — 1- 

T/ien i/iere is an independent invertible matrix Po,5 over 7£o,5 such that aL 4 satisfies the following 
universal similarity equality 

Po, 5 (al4)P -,5 = Mao) + 02, 2 (ai)£ [5 ] = 0o,s(a) G C 4x4 , (2.5.15) 
where 02,2 (a*) (i = 0, 1) is the matrix representation of a t in 7£ 4x4 defined in Pg.(2.4.5). 
2.6. The Cases for lZ p , q with p + g = 6 
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According to the table Eq.(1.4), we know that the seven algebraic isomorphisms for the 
Clifford algebras 7* p , g with p + q = 6 are as follows 



7* 6 , ^ H 



4x4 



7*5,1 
/4x4 



n 



4x4 



7* 8 



7*4,2 ^ 7* 8X8 , 7* 3 , 3 
7* 2 , 4 ~ 7^ X4 , Wi i5 ^ H 4X4 , 7* , 6 ~ 7* 8x8 . 

For economizing space, we omit the proofs of all the results in this subsection. 



(2.6.1) 
(2.6.2) 



Theorem 2.6.1. Let a G 7*6,o = 7*{ ei, • • • , e@ }• T/ien a can factor as 

a = a + ai(e[ 4 ]e 5 ) + a2(e[4]ee) + a 3 e 56 = a + (e[ 4 ]e 5 )ai + (e[ 4 ]e 6 )a 2 + e 56 a3, 

where 



oq, ai, a 2 , a 3 G 7* 4 , = 7*{ei, e 2 , e 3 , e 4 } 



(e[4]e 5 ) 5 



(e[4]e 6 ) 2 



e56 = (e[4]e 5 )(e[ 4 ]e 6 ) = -(e[ 4 ]e 6 )(e[ 4 ]e 5 ). 



Moreover, there is an independent invertible matrix Pq^ over 7*6,0 such that a/4 satisfies the 
following universal similarity factorization equality 



P 6 ,o(o/ 4 )P 6 - 1 



<Ko(ao) + 04,0 (ai) ^4,0(02) + ^4,0(03) 

04,0(02) - 04,0(03) 04,o(ao) - 04,0 (ai) 



= 06,o (a) G 7f 



4x4 



where 4j o(at)(i = — 3) is i/ie matrix representation of at in 7i 2x2 defined in (2.4.1). 
Theorem 2.6.2. Let a G 7*5,1 = 7*{ei, • • • , es, ei}. T/ien a can factor as 

a = a + aie[ 5 ] + a 2 (e[ 4 ]£i) + a 3 (e 5 £i) = a + e^jai + (e[ 4 ]£i)a 2 + (e 5 £i)a 3 , 

where 

Oq, ai, a 2 , a 3 G 7* 4 , = 7*{ei, e 2 , e 3 , e 4 }, 

e|j = 1, (e[ 4 ]£i) 2 = -1, e 5 ei = e[ 5 ](e[ 4] £i) = -(e[ 4] £i)e[ 5 ]. 

Moreover, there is an independent invertible matrix i-5,1 ower 7*5,1 suc/i that a/ 4 satisfies the 
following universal similarity factorization equality 

P^{aIt)PZl ~- 



04,o(ao) + 04,o (ai) -[04,o (^2) + 04,o(a3) 

04,o(a2) - 04,o(a3) 04,o(ao) - 04,0 (ai) 



= 05,i(a) en 



4x4 



where 04,o(«t)(i = — 3) is the matrix representation of at in 7i 2x2 defined in Eq.(2A.l). 
Theorem 2.6.3. Let a G 7*4,2 = 7*{ei, • e±, E\, £2}. 

a = a + ai(e [3 ]£[ 2 ]) + a 2 (e [4 ]£i) + a 3 (e 4 £ 2 ) = a + (e [3 ]£[ 2 ])ai + (e [4 ]£i)a 2 + (e 4 £ 2 )a 3 , 

where 



a , ai, o 2 , a 3 G 7*3,1 = 7*{ei, e 2 , e 3 , £1}, 



le [3 ]£[ 2 ], 



1, 



(e[4]^i) z 



1. 



e 4 £ 2 = (e [3 ]£[ 2] )(e [4 ]£i) = -(e[ 4] £i)(e[ 3] £[ 2] ; 
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Morever, there is an independent invertible matrix P^ over 72-4,2 such that al$ satisfies the 
following universal similarity factorization equality 



PA,2{ah)P^ 



03,1 (ao) + 03,l(ai) -[<fe,l( a 2) + 03,1 (03). 
03,l(a2) - ^3,1(03) 03,l(°o) - 03,1 fal) 



= 4 ,2 (a) G 72 s 



where 03,i(at)(i = — 3) is i/ie matrix representation of at in 72 4x4 defined in Eq.(2A.3). 
Theorem 2.6.4. Let a G 72.3,3 = 72{ei, e2, e3, £1, £2, £3}- Then a cn factor as 

a = a + ai(e [3 ]£[2]) + a 2 (e[ 2 ]£[3]) + a 3 (e 3 £ 3 ) = a + (e [3 ]£[ 2 ])ai + (e[ 2 ]£[ 3 ])a 2 + (e 3 £ 3 )a 3 , 
where 

a , ai, a 2 , a 3 G 72 2 ,2 = 72{ ei , e 2 , £1, £ 2 }, 

(e[ 3 ]£[2]) 2 = 1, ( e [2]£[3]) 2 = -1, e 3 £ 3 = (e [ 3 ] £ [ 2])(e [2] £[3 ] ) = -(e [2] £ [3] )(e [3] £ [2] ). 

Moreover there is an independent invertible matrix P3,3 over 72-3,3 such that als satisfies the 
following universal similarity factorization equality 



^2,2(00) + ^2,2(01) -[^2,2(02) + ^2,2(03)] 
02,2(02) - 02,2(03) ^2,2(00) - 02,2 (ai) 



= 03,3 (a) e 72' 



8xi 



where 02,2 (a*) = — 3) is the matrix representation of at in 72 4x4 defined in (2.4.5). 
Theorem 2.6.5. Let a G 72 2 ,4 = 72{ei, e2, £1, £2, £3, £4}- Then a can factor as 

a = a + ai(ei£[ 4 ]) + a 2 (e[ 2 ]£[ 3 ]) + a 3 (e 4 £2) = ao + (ei£[4])«i + (e[2]£[3])«2 + (e4£2)a3, 



where 



ao, ai, a 2 , a 3 G 72i, 3 = 72{ e 1 , £1, e 2 , £3}, 



(ei£ [4] ) 2 = l, (e[2]£[3]) S 



■1, 



e 4 £ 2 = (ei£[ 4] )(e[2]£[3]) = -(e[ 2] £[ 3] )(ei£[4 ] ). 



Moreover, there is an independent invertible matrix P 2 ,4 over 72 2 ,4 such that a/4 satisfies the 
following universal similarity factorization equality 



P 2A {aI A )P^l 



01, 3(ao) + 01, 3(01) -[0i,3(a2) + 01,3(03) 

01,3(02) - 01,3(03) 01,3(«o) - 01,3(ai) 



= 02,4 (a) G W 



4x4 



where 0i,3 (at) (i = — 3) zs iae matrix representation of at in 7i 2x2 defined in Eq.(2A.7). 
Theorem 2.6.6. Let a £ 72-1,5 = 72{ei, £1, • • • , £5}. Taen a can factor as 

a = a + ai(ei£[ 4] ) + a 2 £[ 5 ] + a 3 (ei£ 5 ) = a + (ei£[ 4] )ai + £ [5 ]a 2 + (ei£s)a 3 , 

where 

a , ai, a 2 , a 3 G 72 ,4 = 72{ £1 , £2, £3, £4}, 
(ei£[ 4] ) 2 = 1, £|j = -1, ei£ 5 = (ei£[ 4] )£[5] = -£[5](ei£[4])- 
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Moreover, there is an independent invertible matrix P\^ over 1Z\$ such that al^ satisfies the 
following universal similarity factorization equality 



P 1>5 (ah)^ 



0o,4 («o) + <£o,4 (ai) -[0o,4 (02) + 00,4(03)] 
0o,4(a2) - 00,6(03) 0o,4(ao) - 00,4 (ai) 



= 1)5 (a) G W 4x4 , 



where 0o,4(a*)(i = — 3) is the matrix representation of at in 7i 2x2 defined in Eq.(2A.9). 
Theorem 2.6.7. Let a G TZq^ = 7Z{si, ■ ■■ , £6}- Then a can factor as 

a = a + ai(£[ 3 ]£ 6 ) + a 2 (e[ 3 ]E 5 ) + a 3 e 56 = a + (e[ 3 ]£ 6 )ai + (£[ 3 ]£ 5 )a 2 + £5603, 

where 

ao, ai, 02, a% e IZ3 t i = lZ{e 124, £134, £234, £[3]£56}> 

(£[3]£e) 2 = 1, (£[3]£5) 2 = 1, £56 = (£[ 3 ]£e)(£[3]£5) = -(£[ 3 ]£5)(£[3]£e)- 

Moreover, there is an independent invertible matrix Po,6 over TZofi such that als satisfies the 
following universal similarity equality 



P ,e(ah)Po,e 



03,1 (ao) + 03,1 (ai) 03,1 (02) + 03,1 (03) 

03,l(o2) - 03,l(a3) 03,l(ao) ~ 03,l(«l) 



= 0o, 6 (a) € TZ SXS , 



where 3 ,i(at)(i = — 3) is the matrix representation of at in lZ 4x4 defined in Eq.(2A.3). 

2.7. The Cases for TZ p>q with p + q = 7 

According to the table (1.4), the eight algebraic isomorphisms for the Clifford algebras TZ p , q 
with p + q = 7 are as follows 

n 7fl ~ c 8x8 , ~ 2 n 4x \ ^5,2 ^ c 8x8 , ^4,3 ^ 2 ^ 8x8 , (2.7.1) 

TZ 3A ^ C 8x8 , ^2,5 ^ 2 W 4x4 , Wi, 6 ~ C 8x8 , ^0,7 ^ 2 ^ 8x8 . (2.7.2) 

The derivation of the universal similarity equalities between elements of TZ p , q with p + q = 7 and 
the eight matrix algebras are much analogous to those in Subsection 2.5. Here we only present 
the results for 72.7,0 and TZoj- 

Just as for TZ p<q with p + q = 5, we can decompose a G TZ P ,q with p + q = 7 into the following 
general form 

a = ao + aiep-] = ao + ep-jai, (2.7.3) 

where ao, a\ are elements of the Clifford algebras defined on any six generators of e±, e 2 , ■ ■ ■ , ei- 
and from this decomposition, we introduce the conjugate of a as follows 

a = a$ — a\e\jy (2.7.4) 

Then it is easy to verify that for all a, b G Tl P , q , and p + q = 7, A G 1Z, 

a = a, a + b = a + b, ab = ab, Xa = aX = Xa. (2.7.5) 
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Theorem 2.7.1. Let a G 7^7$ = 72{ei, e^}, and write a as a = ao + aie^j, where 



o2 _ 
17] 



— 1, and 



a , ai G 72 4j2 = 72{ei, e 2 , e 3 , e 4 , e [5 ]e 6 , e [5 ]e 7 }. 



T/ien i/iere is an independent invertible matrix P-jfl over TZy^ such that als satisfies the following 
universal similarity factorization equality 

P 7fl {ah)P^ = 4 , 2 (a o ) +Mai)e m = 7 ,o(a) G C 8x8 , 

where 4 , 2 (ai)(i = 0, 1) is the matrix representation of at in 72 8xS defined in Theorem 2.6.3. 

Theorem 2.7.2. Let a G 72o,7 = 72{ei, ■ • ■ , £7}, and write a as a = ao + a±ep], where = 1, 
and 

o , ai G 72 ,6 = 72 { £1 , £6}- 

T/ien i/iere is an independent invertible matrix Pqj over IZoj such that the diagonal matrix 
D a = diag(a/8> ois) satisfies the following similarity equality 



P 0J D a P Q j - 



0o,6(ao) + </>o,6 (ai) O 

O 0o,6(ao) - 0o,6(oi) 



= o ,7(a) G ^72« x «, 



where 0o,6(oj)(i = 0, 1) is the matrix representation of a t in 72 s x 8 defined in Theorem 2.6.7. 

2.8. The Cases for 72 P)(? with p + q = 8 

Just as in subsection 2.7, we only examine the two particular cases over 72-8,0 an d 72o,8- 

Theorem 2.8.1. Let a G 72-8,0 = 72{ei, • • • , e$}. Then a can factor as 

a = a + aie 4567 + a 2 e4 56 8 + a 3 e7 8 = a + e 4 5 67 ai + e45 68 a 2 + e 78 a 3 , 

where 

at G 72-3,3 = 72{ei, e 2 , e 3 , e[ 3 ]e 4 78, e[ 3 ]e 5 7 8 , e[ 3 ]e 678 | 1, 1, 1, -1 -1, -1}, 

e 4567 = 1) e 4568 = 1; e 78 = (e 4 567) (e 4 568) = ~ (e 4 568)(e 4 567)i 

t = — 3. In that case, there is an independent invertible matrix Ps,o over TZs,o such that aI\Q 
satisfies the following universal similarity factorization equality 



P8,o(aIw)Ps,o 



03,3(ao) + 03,3 (ai) 03,3(a2) + 03,3(a3) 
03,3(a2) - 03,3(a3) 03,3(ao) - 03,3(oi) 



= 08,0 (a) G 72 



16x16 



where 3)3 (at)(i = — 3) is the matrix representation of at in 72 8 x 8 defined in Theorem 2.6.4- 

Theorem 2.8.2. Let a G 72o,8 = 72{ei, • • • , eg}, Then a can factor as 

a = ao + ai(q 6 ]£s) + o 2 (q 6 ]£7) + a 3 £78 = ao + (e^^ai + (e[ 6 ]£7)a 2 + £7303 



where 



ao, ai, a 2 , o 3 G 72o ; 6 — 72{ £1, e^}, 
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and 

( e [6] £ 8) 2 = 1, (£[6] £ 7) 2 = 1, £78 = (£[6] £ 8)(£[6] £ 7) = -(^[6] e 7)(£[6] e 8)- 

In that case, there is an independent invertible matrix Po,8 over 7£o,8 such that al\% satisfies the 
following universal similarity factorization equality 

^ ,8(a)e^ 16x16 , 

where <f>o${at){t = — 3) is the matrix representation of at in K 8x8 defined in Theorem 2.6.7. 

3. UNIVERSAL SIMILARITY EQUALITIES OVER ft n+p ,„ AND 1l n , n+q WITH 
< p,q < 6 

On the basis of the results in Section 2, we present in this section several induction formulas 
for the universal similarity factorization equalities over 7^. n _|_p n and IZ-n^+q with ^ p, q 6. 

3.1. The Cases for H n ^ n 

We have shown in Theorems 2.2.2, 2.4.3 and 2.6.4 that for all a 6 1Z n ,n with n = 1, 2, 3, the 
corresponding al2, 0/4, als are uniformly similar to their real matrix representations, respec- 
tively. By induction, we can establish the following general result for the split Clifford algebra 

Theorem 3.1.1. Suppose that there is an independent invertible matrix P n -i,n~i(n > 1) over 
fc n -i,n-i = H{ ei, e n _i, £1, e n -i} such that 

Pn-^ial^P-}^ = <f> n -i,n-i(a) £ ft 2 "" 1 * 2 "" 1 (3.1.1) 

holds for all a G 7£ n _i ;n _i. iVoiu Zei a G TZ n ,n = Tt{ ■ ■ ■ , e„, £1, • • • , e„ }. T/ien it can factor 
as 

a = a + ai(e[ n ]£[ n _!]) + a 2 (e 

[n— l]£[n]) ^3/^n,?i 
1])«1 + ( e [n-l] £ [n]) a 2 + 

w/iere 

ao, a±, 02, 03 G lZ n -i jn -i = 1Z{ e\, ■ ■ e n _i, £1, ■ • £ n -i}j 
( e [n]£[n-i]) 2 = 1, (e[„-i]£[„]) 2 = -1, 
Atn,n = (e[ n ]£[n-l])(e[ n -l]£[„]) = -(e[ n _i]£[ n ])(e[„]£[ n _ 1 ]) = (-l)"~ 1 e„£ n . 
In that case, 0/2™ satisfies the following universal similarity factorization equality 

Pn,n(al2 n )P n ,i 

'Pn— l,n— 1 (ao) + 4>n-l,n-lifll) -[4> n— l,n— 1 (o 2 ) + ^ ra— l,n— 1 ( a 3)] 
<^n-l,n-l(«2) — <An-l,n-l( a 3) 0ra-l,n-l («o) _ <^n-l,n-l(oi) 

= 0„,„(a) eft 2 "* 2 ", (3.1.2) 



J°0,8(ail6)-Po,8 



^o,6(ao) + ^0,6 (ai) ^0,6(02) + ^0,6(03) 
^0,6(02) - ^0,6(03) 0o,6(ao) - </>o,6(ai) 
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where 



Pn,n — 2 



n,n 2 



(1 + e[ n ]£[ n _!])P n 

— l,n— 1 (^[n— 1] £[n] /^n,n)Pn— l,n— 1 
•(e[n-l]£[n] + Mn,n)-Pn-l,n-l (1 ~ e[ n ]£[ n _i] )P n -l,n-l 

-P^l.n-lC 1 + e [n]£[n-l]) ^t7-1 n-1 ( e [n-l] £[ra] ~ Mn,n) 
" P n-l,n-l( e [n-l]£[n] + Mn,n) ^n-M-lC 1 ~ e [n]£[n-l]) 



(3.1.3) 
(3.1.4) 



Proof. Applying Eq.(3.1.1) to al 2 n-i, we obtain 

Pn-l,n-l{al2^)Pn-l,n-l = 0n-l,n-l(ao) + 4>n-l,n-l{a\)(z[n\ e [n-l\) 

+ ^ n -l,n-l(02)(e[ n _i]£[ n ]) + <^n-l,n-l (03)^77,1 



= ^(a) 



Next setting 



F = V" 



(1 + e[ n ]£[ n _ 1 ])i" 2 "-i ( e [n-l] £ [n] _ Mn.n)^"" 1 
-(e[ n -l]£[n] + Mn.n)-^™" 1 (1 ~ e[ n ]£[n-l] )4™" 1 



and applying it to D a = diag(^>(a), ^( a ))) we find 



^7i-l,n-l(ao) +<^n-l,Ti-l(ai) -[^n-l,n-l(a2) +^71-1,71-1(03)] 
' 77— 1,71 — 1 (02)- <Pn— l,n— 1 (a 3 ) <Pn— 1,71— 1 (O ) - n— 1,71— 1 (Ol) 



Finally substituting i[>(a) = P n -i jn -i(aI 2 n-i)P n } l n _ 1 into its left-hand side yields the desired 
result. □ 



3.2. The Cases for K, 



■n+l,n 



For TZ n+ i t n with n = 0, 1, 2, we have the corresponding universal similarity factorization 
equalities in Theorems 2.1.1, 2.2.2 and 2.3.3. In general, we have the following. 

Theorem 3.2.1. Let a G 1Z n +i,n = ei, ■ • • , e n +i, £\, ■ ■ ■ , } be given. Then a can factor 
as 

a = ao + a±e = ao + ea±, 

where 

ao, ai <E IZn^n = TZ{e\, e n , ei, £„}, 

e = e[ n+ i]£[ n ], e 2 = 1. 

Moreover define a = ao — aie. /n i/tai case, D a = diag(a/2 n , a/2™) satisfies the following 
universal similarity factorization equality 



n+l,nD a P n+ i n 



-1 



J n,n 

(a ) + <f> n ,n(a>i) O 

O 4>n,n{a<)) - 4>n,n(ai) 



2-t-,2™x2" 



where (f> n ,n(a>t)(t = 0, 1) is the matrix representation of a t in TZ defined in Eq.(2>.1.2>) and 



Pn+l,n 



(l + e)P n ,„ -(l-e)P„,„ 
(1 - e)P n>n (1 + e)P n>n 



' 71+1,71 



P-^l + e) P n ^(l-e) 
-P-^(l-e) P~i(l + e) 
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P nn and P n n are the matrices in Eqs.(3.1A) and (3.1.5). 
Proof. Applying Eq.(3.1.3) to al 2 n = 00^2™ + a\el 2 n, gives 

Pn,n{ah™)Pn)i = P n,n(ah")Pn,n + Pn,n(aih")Pn,n e 

= <Pn,n{ao) + n ,n(ai)e = ip(a). 

Next setting 



V 



{l + e)I 2 n -(l-e)I 2 n 
(1 - e)I 2 n (1 + e)J 2 n 



V = 



(1 + e)J 2 « (1 - e)/ 2 n 
-(l-e)J 2 n (l + e)/ 2 n 



and applying them to D a = diag(?/>(a), ^(a) ), we get 



V 



ip{a) O 
%b(a) 



V 



t>n,n{ao) + <t>n,n(ai) 

<l>n,n( a o) ~ 0n,n(oi) 



Finally substituting = Pn,n(al2 n )P n ,n aR d ^(o) = Pn,n(al2 n )P n ,n i n t° its left-hand side 
yields the desired result. □ 



3.3. The Cases for 1Z n +2,n 

For TZ n +2,n with n = 0, 1, 2, we have the corresponding universal similarity equalities in 
Theorems 2.2.1, 2.4.2 and 2.6.3. In general, we have the following. 

Theorem 3.3.1. Suppose that there is an independent invertible matrix Pn+i^-iin > 1) over 
K n +i,n-i = TZ{ei, • • • , e n+ i, £1, • • • , e n _i } suc/i iftai 

^n+l,n-l(a/2™)/V+l,n-l = 0n+l,n-l(«) G ^ X2 

holds for all a G TZ n+ \. n -i.Now let a G 7£ n+2in = 7£{ ei, • • • , e n+2 , £1, • • • , £ n }. ITten a can 
factor as 

a = a + ai(e[ n+ i]£[ n j) + a2(e[ n+2 ]£[ n _ij) + a 3 fi n+2 ,n 

])ai + (e[ n+2 ]£[ n _!])a 2 + ^ n +2,n03, 

w/iere 

ao, ai, a 2 , 03 G 7£ n +i )n _i = lZ{ei, e n+ i, £1, £ n -i }, 

( e [n+l]^[n]) 2 = 1, ( e [n+2]^[rt-l]) 2 = ~1, 

^-n+2,n = (e[ n+1 ]£[ n ])(e[ n+2 ]£[ n _!]) = - (e[ n+2 ]£[„_i] ) (e[ n+ ij £[ n ] ) = (-l) n+2 e n+2 e„. 
In that case, al 2 n+i satisfies the following universal similarity factorization equality 

Pn+2,n(aI 2 n+i)P n ^ n 

<f>n+l,n-l(ao) + 4>n+l,n-l{a\) ~ [ (f>n+l,n-l(a 2 ) + n+ i jn _i (a 3 ) ] 
0n+l,n-l(a2) — 0n+l,n-l(a3) <?Wl,n-l («o) ~ </>n+l,n-l( a l) 

; / N ,n 2 n + 1 X 2 n + 1 

= 0n+2,n(a) G ^ 
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where 



n+2,n 



3-1 
n+2,n 



(1 + e[ n+1 ]£[ n ])P n+ i jTl _i (e[ n+2 ]£[ n _i] - Vn+2,n)Pn+l,n-l 

_ ( e [n+2]£[n-l] + fJ-n+2,n)Pn+l,n-l (1 ~ e[ n+ i]£[ n ])-P n +l,n-l 

P n+l,n-l( l + e [n] £ [n]) P n+l,n-l( e [n-l] £ [n-l] ~ Vn+2,n) 

- P n+l,n-l( e [n+2] £ [n-l] + Vn+2,n) P n+l,n-l( l ~ e [n+l] £ [n}) 



The proof of this result is much analogous to that of Theorem 3.1.1. so we omit it here, and 
the proofs of next several results are also omitted . 

3.4. The Cases for TZ n +3,n 

For lZ n +3 tn with n = 0, 1, we have the corresponding universal similarity factorization equal- 
ities in Theorems 2.3.1 and 2.5.2. In general, we have the following. 

Theorem 3.4.1. Let a G T^ n +z,n = 7£{ ei, • • • , e n+ 3, e±, • • • , e n }. Then a can factor as 

a = ao + o,\e = ao + eai, 

w/iere 

ao, ai G 7l n+ 2,n = K{ei, e n+ 2, £i, £«}, 

e = e [n+3] £ [n]> e2 = "I- 

In i/iai case, a/ 2 n+i satisfies the following universal similarity factorization equality 

"ra+3,n(ai 2 "+ 1 ) "ra+3,n = <Pn+2,n(ao) + <Pn+2,n(ai) = <Pn+3,n(a) G C , 

where 4> n +2,n{o-t){t = 0, 1) is Z/ie matrix representation of at inTl 2 ™* 2 ™ defined in Theorem 3.3.1 
and P n +3,n = Pn+2,n, the matrix given in Theorem 3.3.1. 

3.5. The Cases for H n +i,n 

For TZn+^n with n = 0, 1, we have the corresponding universal similarity factorization equal- 
ities in Theorems 2.4.1 and 2.6.2. In general, we have the following. 

Theorem 3.5.1. Suppose that there is an independent invertible matrix P n+ ^^i{n > 1) over 
Kn+3,n-i = H{ei, • • • , e n+3 , £ 1: ■■■ , £ n _i } such that 

Pn+3,n-l(al2 n )P n +3 jn -i = 4>n+Z,n-l{o) G H 2 X2 

/toWs /or a// a G 7£ n+ 3 jn _i. iVow Zet a G 7£ n+ 4 ira = 7£{ e±, • • • , e n+ 4, £i, • • • , e n }. T/ien a can 
factor as 

a = a + ai(e[ n+ 4]£[ n _i]) + a 2 (e[ n+3 ]£[ n ]) + a 3 ^ n+ 4 jn 

= «0 + (e[„+4]£[n-l]) a l + (e[n+3] e [n])°2 + Mn+4,n«3, 



where 



ao, ai, a 2 , a 3 G 7^ n+ 3 jn _i — 7^-{ ei, e„ +3 , E\, £ n -i }, 
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(e[n+4]£[ri-l]) 2 = 1) (e[n+3] e [n]) 2 = - 1> 

^n+4,n = (e[ n +4]£[n-l])( e [n+3] £ [n]) = _ ( e [n+3] £ [n])( e [n+4]£[n-l]) = (-l) n+3 e n +4£n- 

In i/iai cose, al 2 n+i satisfies the following universal similarity factorization equality 

Pn+2,n(aI 2 ™+i)Pn+2,n 

<t> n +3,n-l(ao) + 0n+3,n-l(ai) ~ [ 0n+3,ra-l (02) + 0n+3,n-l (03) ] 
0n+3,n-l(a2) ~ n+3,n— 1 

(a 3 ) 0n+3,rt-l(ao) - <f>n+3,n-l(a>l) 

/2 n+1 x2 n+1 



= 0„+4,n(a) e H 



where 



^n+4,n — 2 
n+4,n 2 

3.6. The Cases for K 



(1 + e[ n+4 ]£[ n _ 1 ])P n+ 3 in _i (e[ n +3] e [n] _ Mn+4,n)-Pn+3,n-l 
~( e [n+3] e [n] + Mn+4,n)-Pn+3,n-l (1 ~ e[n+4] e [n-l])-fn+3,n-l 

^1+3,71-1(1 + e[ n+4 ]£[ n _!]) -P n +3,n-l( e [rt+3] e [n] ~ ^n+4,n) 
"-^+3,71-1 ( e [n+4] £ [n] + Mn+4,n) P n+Z,n-l( l ~ e [n+4] £ [n-l]) 



n+5,n 

For 1Z n +5,n with n = 0, we have the corresponding universal similarity factorization equality 
in Theorem 2.5.1. In general, we have the following. 

Theorem 3.6.1. Let a £ 1Z n +<o,n = 7t{ ei, • • • , e n+ 5, e±, • • • , e n }. Then a can factor as 

a = ao + a±e = ao + ea±, 

where 

ao, ai G H n +4,n = TZ{ e\ , e n+ 4, ei, £„}, 

e = e [n+5] £ [n]> e2 = ( e [n+5] £ [n]) 2 = 1- 

Moreover define a = ao — aie. /n i/iai case, D a = diag(a/2 n , a/2 11 ) satisfies the following 
universal similarity factorization equality 

4>n+4,n(ao) + 0n+4,n(ai) 



Pn+5,nD a P n+ 5. 



O 



O 

0n+4,n(ao) - 4>n+A,n{ai) 



= 0„+5,n(a) S ft 



2 a /2 n+1 x2 n + 1 



w/iere </>n+4,n(at)(i = 0, 1) is the matrix representation of at inH 2 ™* 2 ™ defined in Theorem 3.5.1 
and 



Pn+5,n 



n+5,n 



{l + e)P n+A<n -(l-e)P n+ 4 >n 

(1 - e)P n+4i „ (1 + e)P n+4i „ 
^4,„(l + e) ^+ 4 ,n(l-e) 

— ^n+4,n(l ~~ e ) ^n+4,n(l + e ) 



^n+4,n a^rf P n +An are matrices given in Theorem 3.5.1. 
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3.7. The Cases for 1Z n +6,n 

For 7£ n +6,n with n = 0, we have the corresponding universal similarity factorization equality 
in Theorem 2.6.1. In general, we have the following. 

Theorem 3.7.1. Suppose that there is an independent invertible matrix P n+ 5 jn _i(n > 1) over 
fc n +5,n-i =H{ei, e n+ 5, £i, ■ ■ • , £„_i } such that 



Pn+b,n—l 

(aI 2 n+i)P n+5jn _ 1 = <f> n +5,n-l(a>) G W 



<2 n+l 



ZioWs for all a £ TZ n+ ^^ n -\. Now let a G lZ n+ Q tn = 1Z{ e±, • • • , e n+ $, £±, • • • , e n }. Toen a con 
factor as 

a = a + ai(e[ n+5 ]£[ n ]) + a 2 (e 

[n+6]^[n— 1] ) "I - ^3/^71+6,71 

= a + (e[ n+5 ]£[ n ])ai + (e[ n+6 ]£[ n _i])a 2 + ^ n +6, n a3, 



where 



ao, ai, a 2 , 03 G 7^ ra+ 5 in _i — TZ{e\, 



£n-l }i 



( e [n+5] e [n]) 2 = 1, (e[n+6]^[rt-l]) Z 



^n+6,n = ( e [n+5] e [n])( e [«+6] £ [n-l]) = ~ ( e [n+6] e [n-l] ) ( e [n+5] e [n] ) = (~ l) n+5 e n +6£r, 

In i/iai cose, a/ 2 n+2 satisfies the following universal similarity factorization equality 

0n+5,n-l(ao) + 0n+5,n-l(ai) — [ ^n+5,n-l(«2) + ^n+5,n-l(«3) ] 
0n+5,n-l(a2) — <j) n +5,n-l (^3) </>n+5,n-l(ao) ~ <^n+5,n-l(Ol) 

on + 2 y 2 n + 2 



= ^ n+6jn (a) G H 



where 



n+6,n 



3-1 
n+6,n 



(1 + e[ n+5 ]£[ n ])P n+ 5 in _i ( e [n+6] e [n-l] ~~ Mn+6,ra)-Fn+5,ra- 

-( e [n+6] e [n-l] + ^n+6,n)Pn+5,n-l (1 ~ e[ n+5 ]£[ n ])P n +5,n-l 



^n+^n-lC 1 + e [n+5] £ [n]) P n+5,n-l( e [n+6] e [n-l] ~ ^n+6,n) 

~ P n+5,n-l ( e [n+6] e [n-l] + A*n+6,n) ^n+5,71-1 I 1 ~~ e [n+5] e [n]) 



In the same manner it is not difficult to give the induction formulas for the universal simi- 
larity factorization equalities over lZ ntn+q with 1 < q < 6, we leave them to the reader. As to 
TLn+7,n and TZn^j with n = 0, the corresponding universal similarity factorization equalities 
have been given in Subsection 2.7, the general results corresponding to nonzero n will be in- 
cluded in the next two sections. 



4. UNIVERSAL SIMILARITY EQUALITIES OVER TZ p+8 ,o AND ft , g +8 
According to the two formulas in (1.9), we know that 



-016x16 
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hold for all finite p and q. Now applying the theorems in Subsection 2.8, we have the follow- 
ing two general results on the universal similarity factorization equalities over 7£ p _|_8,o and 7^o,<?+8 • 

Theorem 4.1. Let 

a G TZ p+8 ,o = fc{ei, ■ ■ ■ , e 8 , ot\, ■ ■ ■ , a p | ef = a| = 1, i = 1, • • • , 8, j = 1, ■ ■ ■ , p}. 
TTien a can factor as 

a = ^2a A (e[ 8 ]Oi)A € 7£ 8 ,o{ e^ai, e [8] a p | (e [8] aj) 2 = 1, j = 1, ■••,£>}, 

where A = j'2, jfc ) wtt 1 < ji < j'2 < ■ ■ ■ < jk < P ranging all naturally ordered 

subsets of {1, 2, • • • , p}; a A has the form 

a-A e U 8 ,o = TZ{e 1 , e 8 }; 

(e^a) A defined to be 

(e [8] a) A = {ei8}a)(j u j 2 ,-,j k ) = {^a h ){e [8] a j2 ) ■ ■ ■ (e [8] a jp ), {e[ 8 ]a) A=9 = e [8] ; 
both of which satisfy 

a A{e\s\a) A = (e^a) A a A . 
In that case, al\§ satisfies the following universal similarity factorization equality 

P 8 ,o(aIi6)P 8 ~o = 4>8,o(a A ){e [8 ]a) A = <p P+s ,o(a), (4.1) 
A 

where (psfli^A) is the matrix representation of a A in 7£ 16x16 defined in Theorem 2.8.1, P 8> q is 
the independent invertible matrix mentioned in Theorem 2.8.1, meanwhile, 

P +8,o(a) € K 16xie { e [8] ai, • • • , e [8] a p | (e [8] a,) 2 = 1, j = 1, ■ ■ ■ , p } = ftjf x16 , (4.2) 
called the matrix representation of a £ TZ p+8 ,o in T^-pfo* 16 - 

If 1 < P < 8 in 7?.p + 8,o, applying the results in Section 2 to the 16 x 16 matrix </> p+ 8,o(a) in 
Eq.(4.1) we can establish a universal similarity factorization equality between elements of 7£ p _|_ 8i o 
and matrices with elements in 1Z, or C, or TL. 

Similarly we have the following. 

Theorem 4.2. Let 

a e 7£ ,q+8 = Kin, T 8 , £l, e q 
Then a can factor as 

a = Y^ a A(T[s]e)A e ^o, 8 {r[ 8] ei, • • 

A 



\t} = e) = -\, i = 1, • • • , 8, j = 1, ■■■,</}. 
• . r [8]£g I (r [8] ej) 2 = -1, j = 1, • • • , q}, 
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where A = ( ji, j 2 , • • • , jk) with 1 < j± < j 2 < ■ ■ ■ < jk < Q ranges all naturally ordered subsets 
of {I, 2, q}; (t [8] £)a and a a are 

(T[8]£)A = (T[8]£)(j u j 2 ,-,j k ) = {T-[8]£h){T[8]£j 2 ) ' ' ' (^8]^fc). ( T [8]^=0 = T[s], 

a A e ^0,8 = K{t u ■■■ , r 8 , | t£ = — 1, i = 1, • • • , 8}, 
anc? 6oi/i o/ i/iem satisfy 

aA(T[8]£)A = (T[ 8 ]£) A aA- 
In that case, aI\Q satisfies the following universal similarity factorization equality 

Po,8i aI ^) p o,8 = ^0,8(aA)(T[ 8 ]e)A = 4>o,q+8{a), (4.3) 
A 

where 0o,8(oa) is the matrix representation of oa in 7£ 16x16 defined in Theorem 2.8.2, Po,8 is 
the independent invertible matrix mentioned in Theorem 2.8.2, meanwhile, 

<Po, q+ 8(a) e K 16xw { r [8]£l , • • • , r [8] e q | (r m ) 2 = -1, j = 1, ■ ■ ■ , q } = 7^ 6 g x16 , (4.4) 
called the matrix representation of a G 7£o,<?+8 *n ^-o^ 16 ■ 

If 1 < q < 8 in 7^o,g+8 5 then by applying the results in Section 2 to the 16 x 16 matrix 

00. 5+8 (a) in Eq.(4.3) we can establish a universal similarity factorization equality between ele- 
ments of 7£o,(2+8 and matrices over 1Z or C or 

5. UNIVERSAL SIMILARITY EQUALITIES OVER TZ p+8>q AND K Pjq+8 

For the two algebraic isomorphisms in Eq.(1.8), we have the following two general results. 

Theorem 5.1. Let a <E 1Z p +8, q = H{ei, • • • , e 8 , cm, • • • , a p , e±, • • • , e g | ef = a| = -e\ = 

1, i = 1, • • • , 8, j = 1, • • • , p, fe = 1, • • • , q}. Then a can factor as 

a = E^( e [8] a£ )^ G ^{ e [8] ai ' e [8] a P> e [8] £ li ■■■) e [8]£q }, 

A 

w/iere 

( e [8]«j) 2 = !, ( e [8]£fc) 2 = -1, j = 1, fc = l, ■■■,<?; 

A = (Ai, ^2 ) i/ie combination of the two ordered multiindices A\ and A2 

M = (ji, J2, j s ), A 2 = (h, k 2 , fet), 

wii/i 1 < ji < J2 < ■ ■ ■ < j s < P and 1 < k\ < k 2 < • • • < h < q ranging all natually ordered 
subsets of {1, 2, • • • , p} and {1, 2, • • • , g}, respectively; 

(e [8] ae) A = (e [8] a) Al (e [8 }e) a 2 = {e [8] a h ){e [8] a h ) ■ ■ ■ (e [8] a js )(e [8] e kl )(e [8] e k2 ) ■ ■ ■ (e [8] e kt ), 

(e [8] ae) A= = e [8] , 

oa e 7£ 8 ,o = U{e 1 , • • • , e 8 I ef = 1, i = 1, • • • , 8}, 
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with 

a A (e ][ g\ae)A = (e[ 8 j ae)AaA 
always holding. In that case, al\e satisfies the following universal similarity factorization equality 

P8,o( aI ie) P 8,o = H ( / ) 8,o(a J 4)(e[8]ae)A = 4> p+ 8, q (a), (5.1) 

A 

where ^8,0(0.4) is the matrix representation of oa in 7£ 16x16 defined in Theorem 2.8.1, P 8i o is 
the independent invertible matrix mentioned in Theorem 2.8.1, meanwhile, 

(f> P+8 , q (a) € K Wxl6 { e [8] ai, • • • , e [8] a p , e [8] ei, ■ • • , e [8] ej = TZj?* 16 . (5.2) 

If 1 < p < 8 and 1 < g < 8 a in lZ p+ % yq , then by applying the results in Section 2 to the 
16 x 16 matrix $ p+ %^ q (a) in Eq.(5.1) we can establish a universal similarity factorization equality 
between elements of TZ p+ s,q an d matrices over 1Z or C or H. 

The result for 1Z PA+ % is much similar to that of Theorem 5.1, so we omit it here. 
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